We prove that the squared Rényi-α entanglement (SRαE), which is the generalization of entanglement of formation (EOF), obeys a general monogamy inequality in an arbitrary N -qubit mixed state. Furthermore, for a class of Rényi-α entanglement, we prove that the monogamy relations of the SRαE have a hierarchical structure when the N -qubit system is divided into k parties. As a byproduct, the analytical relation between the Rényi-α entanglement and the squared concurrence is derived for bipartite 2 ⊗ d systems. Based on the monogamy properties of SRαE, we can construct the corresponding multipartite entanglement indicators which still work well even when the indicators based on the squared concurrence and EOF lose their efficacy. In addition, the monogamy property of the µ-th power of Rényi-α entanglement is analyzed.
I. INTRODUCTION
Monogamy of entanglement (MoE) [1] is an essential feature in many-body quantum systems, which means that quantum entanglement cannot be shared freely in multipartite systems [2] . Coffman, Kundu, and Wootters established the first quantitative characterization of the MoE for the squared concurrence (SC) [3] in an arbitrary three-qubit quantum state [4] . Furthermore, Osborne and Verstraete generalized this monogamy relation to the N -qubit case [5] ,
where C 2 (ρ A1|A2...An ) quantifies bipartite entanglement in the partition A 1 |A 2 . . . A n and C 2 (ρ A1Ai ) characterizes twoqubit entanglement with i = 2, 3, . . . , n. The MoE of SC can be used to characterize the entanglement structure in multipartite quantum systems and detect the existence of multiqubit entanglement in dynamical procedures [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Moreover, there are also many works devoted to the topic of entanglement monogamy [17] [18] [19] [20] [21] [22] [23] [24] and similar monogamy relations were also established for Gaussian systems [25] [26] [27] , squashed entanglement [28] [29] [30] , entanglement negativity [31] [32] [33] [34] [35] and Rényi-α entanglement [36, 37] .
A genuine three-qubit entanglement measure named "threetangle" was obtained from the MoE of SC in three-qubit pure states [4] . However, there exists a kind of three-qubit mixed states which is entangled but without two-qubit concurrence and three-tangle [38] , and the similar case also exists in Nqubit systems [39] . Recently, it was indicated that the squared entanglement of formation (SEF) [3] obeys the monogamy relation in multiqubit systems [40] [41] [42] [43] [44] [45] . In particular, it was which overcomes the flaw of the MoE of SC and can be utilized to detect all multiqubit entanglement. Rényi-α entanglement (RαE) [46] is also well-defined entanglement measure which is the generalization of entanglement of formation (EOF) and has the merits for characterizing quantum phases with differing computational power [47] , ground state properties in many-body systems [48] , and topologically ordered states [49] [50] [51] [52] . Therefore, it is natural to study the MoE of the RαE and its applications in multipartite entanglement detection. Kim and Sanders proved that the RαE with the order α ≥ 2 obeys a monogamy inequality in N -qubit systems [36] , but this monogamy relation does not cover the case of EOF which corresponds to the RαE with the order α = 1. Whether or not there exists a general monogamy relation via the RαE is yet to be resolved.
In this paper, we analyze the properties of the squared Rényi-α entanglement (SRαE) and prove that the SRαE with the order α ≥ ( √ 7 − 1)/2 ≃ 0.823 obeys a general monogamy relation in an arbitrary N -qubit mixed state. This result provides a broad class of new monogamy inequalities including the monogamy relation of the SEF in Eq. (2) as a special case. Furthermore, it is proved that the monogamy relations of SRαE have a hierarchical structure when the N qubit systems is divided into k parties. As a byproduct, we give an analytical expression of the RαE as a function of SC in 2⊗d systems. The monogamy relations of the SRαE can be utilized to detect the multipartite entanglement and the SRαE-based indicators we construct can work well even when the corresponding ones based on the SC and SEF lose their efficacy. Finally, we analyze the monogamy property of the µ-th power of Rényi-α entanglement.
II. MONOGAMY INEQUALITIES FOR SRαE IN N -QUBIT SYSTEMS
For a bipartite pure state |ψ AB , the RαE is defined as [46] 
where the Rényi-α entropy is S α (ρ A ) = [log 2 ( i λ α i )]/(1 − α) with α being a nonnegative real number and λ i being the eigenvalue of reduced density matrix ρ A . The Rényi-α entropy S α (ρ) converges to the von Neumann entropy when the order α tends to 1. For a bipartite mixed state ρ AB , the RαE is defined via the convex-roof extension
where the minimum is taken over all possible pure state de-
In particular, for a two-qubit mixed state, the RαE with α ≥ 1 has an analytical formula which is expressed as a function of the SC [36] 
where the function f α (x) has the form 
which is always nonnegative for 0 ≤ x ≤ 1 and α ≥ 0 with the parameters A = 1+ √ 1 − x and B = 1− √ 1 − x, and the equality holds only at the boundary of x. Thus we obtain that E 2 α is monotonically increasing as a function of the squared concurrence, which completes the proof.
Lemma 2. The squared Rényi-α entanglement
] is monotonic and concave as a function of the squared concurrence C 2 . The proofs for lemma 2 and lemma 3 can be seen from Appendices A and B. Now, we give the main results of this paper.
Theorem 1.
For an arbitrary N -qubit mixed state ρ A1A2...An , the squared Rényi-α entanglement satisfies the monogamy relation
where E 2 α (ρ A1|A2...An ) quantifies the entanglement in the partition A 1 |A 2 . . . A n and E 2 α (ρ A1Ai ) quantifies the one in twoqubit subsystem A 1 A i with the order α ≥ (
Proof. We first consider the monogamy relation in an N -qubit pure state |ψ A1A2...An . The entanglement E α (|ψ A1|A2...An ) can be evaluated using Eq.(5) since the subsystem A 2 . . . A n can be regarded as a logic qubit. Thus, we can obtain
where in the first inequality we have used the monogamy relation of squared concurrence
[4, 5] and the monotonically increasing property of E 2 α (C 2 ) (lemma 1), and in the second inequality we have further used the convex property of
Next, we analyze the monogamy relation in an N -qubit mixed state ρ A1A2...An . In this case, the formula of Rényi-α entanglement in Eq.(5) cannot be applied to E α (ρ A1|A2...An ) since the subsystem A 2 . . . A n is not a logic qubit in general. But we can still use the formula in Eq.(4) which comes from the convex roof extension of the pure state entanglement. Therefore, we have
where the minimum is taken over all possible pure state decompositions {p i , |ψ i } of the mixed state ρ A1A2...An . Assuming that the optimal decomposition for Eq. (10) is
where we have used in the second equality the pure state formula of the RαE and taken the E α (C) as a function of the concurrence C for α ≥ ( √ 7 − 1)/2; in the third inequality we have used the monotonically increasing and convex properties of E α (C) as a function of the concurrence [36] ; in the forth inequality we have used the convex property of concurrence for mixed states; and in the sixth and seventh inequalities we use the monotonically increasing and convex properties of E 2 α (C 2 ) as a function of the squared concurrence (lemmas 1 and 2). Thus we have completed the proof of theorem 1.
Theorem 2. For a bipartite 2⊗d mixed state ρ AC , the Rényi-α entanglement has an analytical expression
where the order α ranges in the region [(
Proof. Suppose that the optimal decomposition for
where in the third inequality we have assumed that
is the optimal decomposition for the squared concurrence C 2 (ρ AC ), and in the fourth inequality we have used the property that E α is a concave function of the squared concurrence C 2 for the order α ∈ [(
On the other hand, we can derive
where the third inequality holds due to the convex property of E α (C) as a function of concurrence C for α ≥ ( [36, 53] , and the fourth inequality is satisfied due to {r k , |φ k AC } being the optimal pure-state decomposition for C(ρ AC ).
Combining Eq. (13) with Eq. (14), we have
being the same expression, we obtain the equality shown in Eq. (12) and the proof is completed.
Corollary 1. For the order α > ( √ 13 − 1)/2 ≃ 1.303, the Rényi-α entanglement in bipartite 2 ⊗ d systems obeys the following relation
which provides a nontrivial lower bound for the entanglement. The proof of this corollary is straightforward according to Eq. (14) .
Theorem 3.
For an arbitrary N -qubit mixed state ρ A1A2...AN , there exist a set of k-partite hierarchical monogamy relations (16) where the number of parties is k = {3, 4, . . . , N } and the order α in the region [(
. Proof. We first consider a tripartite 2 ⊗ 2 ⊗ 2 N −2 mixed state ρ ABC , for which we can derive
where in the first equality we have used formula (12) in theorem 2, in the second inequality we have utilized the monotonic property of f 2 α C 2 and the monogamy relation of the SC
, and in the third inequality we used the convex property of f 2 α (C 2 ) in lemma 2. After further cutting the subsystem C into a qubit C 1 and a qudit C 2 with d = 2 N −3 and applying Eq. (17) to the tripartite quantum state ρ AC1C2 , we can obtain
By the successive cut for the last party and application of the tripartite monogamy inequality, we can derive a set of hierarchical k-partite monogamy relations with k = {3, 4, . . . , N } as shown in Eq. (16) , and such that we prove theorem 3.
III. MULTIPARTITE ENTANGLEMENT INDICATORS BASED ON THE SRαE AND ITS APPLICATIONS
According to the established monogamy relations based on the RαE in Eqs. (8) and (16), we can construct two kinds of multipartite entanglement indicators
which can be utilized to detect the multipartite entanglement in an N -qubit state ρ A1A2...An . The first indicator τ (1) α(N ) can detect the existence of multipartite entanglement in an Npartite system, which comes from the convex roof of pure state indicator τ α(N ) |ψ A1|A2···An = E can detect the multipartite entanglement in a K-partite system with K ∈ {3, 4, . . . , N }, which is the residual entanglement in the hierarchical monogamy inequality shown in Eq. (20) . In the following, we give three examples as applications of the above entanglement indicators.
Example 1.
We consider a three-qubit pure state |ψ (p) = √ p |GHZ 3 − √ 1 − p |W 3 which is the superposition of a GHZ state and a W state with |GHZ 3 = (|000 + |111 )/ √ 2 and |W 3 = (|001 +|010 +|100 )/ √ 3. The three-tangle τ is a tripartite entanglement measure based on the monogamy relation of the SC and defined as
. For the quantum state |ψ(p) , its three-tangle is τ (|ψ(p) ) = p 2 − 8 √ 6 p(1 − p) 3 /9 which has two zero points at p 1 = 0 and p 2 ≃ 0.627 resulting in some flaw for the entanglement detection [38, 42] . In this case, we use the newly introduced multipartite entanglement indicator τ (1) α shown in Eq. (19) . It is direct to calculate the value of τ (1) α [|ψ(p) ] since the RαE has an analytical formula for two-qubit quantum states and the convex roof extension is not needed for the pure state case. In for the superposition state |ψ (p) with α = 0.83 (green line), α = 1 (blue line), and α = 1.1 (red line). As an comparison, we also plot the three-tangle of |ψ (p) with black line. Fig.1 , we plot the three-tangle and the indicator τ (1) α for the order α = 0.83, 1, 1.1. As shown in the figure, the indicator τ (1) α is always positive for the different order α in contrast to the three-tangle τ 3 having two zero points, which detects all the genuine tripartite entanglement in all the region p ∈ [0, 1].
Example 2. Lohmayer et al found that there exists a kind of three-qubit mixed states [38] ,
which is entangled but without two-qubit concurrence and three-tangle for the parameter p ∈ [0.292, 0.627]. Now we use the indicator τ 1 α to detect the genuine three-qubit entanglement in the mixed state. After some analysis, we obtain that the optimal pure state decomposition for p ≤ 0.627 is
in which F = p/p 0 with p 0 = 0.627 and the component
Then we can derive τ
α (|W 3 ). In Fig.2 , we plot the the indicator τ (1) α (ρ ABC ) as a function of parameters p and α. As shown in the figure, the values of this set of indicators are always positive, which detect the existence of the genuine three-qubit entanglement in the mixed state. It is noted that the case with the order α = 1 coincides with the result of the SEF-based indicator [42] since the RαE converge to the EOF in this case.
Example 3. The three-tangle based on the monogamy relation of the SC cannot detect the tripartite entanglement in the W state.
However, the SRαE-based indication τ (2) α can still work in this case. We consider the N -qubit W state in the form
. When the quantum system is divided into K parties with K ∈ [3, 4, . . . N ], there are a set of hierarchical monogamy relations.
The corresponding indicator can be written as
In Table I , we calculate α(K) for a 7-qubit W state, where the party number k ranges in [3, 7] and the order α is chosen as 0.95, 1, 1.05, 1.1, and 1.15. The nonzero values of this indicator reveal the multipartite entanglement in the W state.
IV. DISCUSSION AND CONCLUSION
We have considered the monogamy relations for the SRαE in multiqubit systems. However, it is still an open problem that whether this result can be extended to the multi-level systems. Ou pointed out that the SC is not monogamous in a three-qutrit quantum state |ψ ABC = (|123 − |132 + |231 − |213 + |312 − |321 ) / √ 6 [54] . When we use the monogamy relation of the SRαE, it is found that (22) which is monogamous for an arbitrary value of the order α. Next, we consider a four-partite mixed state ρ A1A2A3A4 in 2⊗ 
But the monogamy relation of the SRαE still works for this mixed state and we can get
where the order α = 1.2 has been chosen. Beside the monogamy relations we have established in terms of the SRαE, the similar relations can also be generalized to the µ-th power of the RαE. After some derivation, we can obtain the following theorem and its proof can be seen from Appendix C.
Theorem 4. For an arbitrary three-qubit mixed state ρ A1A2A3 , the µ-th power Rényi-α entanglement obeys the monogamy relation
where the order α ≥ ( √ 7 − 1)/2 ≃ 0.823 and the power µ ≥ 2. Moreover, in N -qubit systems, the following monogamy relation is also satisfied
where the power µ ≥ 2 and the order α ∈ [
We have thus proved the monogamy relation of the SRαE in an arbitrary multi-qubit systems. Our results provide a broad class of new monogamy inequalities which include the previous result in terms of the SEF as a special case. Moreover, we have proved that the monogamy relations of the SRαE possess a hierarchical structure when the N -qubit system is divided into k parties. These new derived monogamy relations can be used to construct multipartite entanglement indicators in N -qubit systems, which still work well even when the corresponding ones based on the SC and SEF lose their efficacy. We also derived an analytical expression for the RαE as a function of the SC in bipartite 2 ⊗ d systems. Finally, we analyze the monogamy property of the µ-th power of Rényi-α entanglement. It is still an open problem yet to be answered that whether there exists a monogamy relation for the SRαE in higher-dimensional systems .
where the parameter is
For the proof of the nonnegativity of h α , it is sufficient to analyze its maximal or minimal value on the domain D. The critical points of h α satisfy the condition
In Fig.3 (a) and (b), we plot the solutions to equations ∂h α /∂x = 0 and ∂h α /∂α = 0, respectively. As shown in the figure, the common solution is α = 1 which is on the boundary of the domain D. Therefore, the maximal or minimal value of h α can arise only on the boundary of domain D.
Next, we consider the other two boundaries x = 0 and x = 1 on the domain D of h α . When x = 0, we have
which is always positive in the region α ∈ (1, +∞). Similarly, when x = 1, we can derive
which is monotonically increasing and positive in the region α ∈ (1, +∞). Notice that the critical points arise only on the boundary of domain D, we obtain that the function h α is nonnegative in the whole range 0 ≤ x ≤ 1, α ≥ 1 (the equality holds only at the boundary α = 1). In Fig. 4 , we plot h α as a function of x and α, which illustrates our result. According to the equivalent relation in Eq. (A1), we have ∂ 2 E 2 α /∂x 2 > 0 for α > 1. When α = 1, E 2 α converges to SEF and its secondorder derivative is positive [42] . Therefore, the second-order derivative of E found that, under the condition ∂ 2 E 2 α /∂x 2 = 0, the critical value of x increases monotonically along with the parameter α. In Fig.5(a) , we plot the solution (x, α) to this critical condition, where for each fixed x there exists a value of α such that the second-order derivative of E 2 α is zero. Due to x varying monotonically with α, we only need consider the condition ∂ 2 E 2 α /∂x 2 = 0 in the limit x → 1. In this case, we have the derivative Combining the two positive regions [α c , 1) and [1, +∞), we obtain the derivative ∂ 2 E 2 α /∂x 2 > 0 for α ≥ ( √ 7 − 1)/2, which completes the proof of lemma 2.
